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Abstract
We have developed a model in order to account for
electron-vibrational effects on absorption, lumines-
cence of molecular aggregates and exciton-polaritons
in nanofibers. The model generalizes the mean-field
electron-vibrational theory developed by us earlier to
the systems with spatial symmetry, exciton lumines-
cence and the exciton-polaritons with spatial disper-
sion. The correspondence between manifestation of
electron-vibrational interaction in monomers, molec-
ular aggregates and exciton-polariton dispersion in
nanofibers is obtained by introducing the aggregate
line-shape functions in terms of the monomer line-
shape functions. With the same description of mate-
rial parameters we have calculated both the absorp-
tion and luminescence of molecular aggregates and
the exciton-polariton dispersion in nanofibers. We
apply the theory to experiment on fraction of a mil-
limeter propagation of Frenkel exciton polaritons in
photoexcited organic nanofibers made of thiacyanine
dye.
1 Introduction
The emission of light by Frenkel excitons in or-
ganic excitonic materials, e.g. dye molecules, poly-
mers and biological structures including bioinspired
peptide beta sheet nanostructures, is used in many
photonic applications, including wave guiding, lasers
etc.1–15 Frenkel excitons are formed by the Coulomb
interaction between molecules, so that in the major-
ity of cases photoemission from excitons is accom-
panied by the exciton annihilation and the photon
creation where two (quasi-) particles (exciton and
photon) can be considered separately. In contrast,
in ordered materials with large oscillator strength
possessing strong absorption, excitons that deter-
mine the medium polarization and photons (trans-
verse field) are strongly coupled forming new elemen-
tary excitations: polaritons.10,11,16,17 Exciton polari-
tons (EPs) possess properties of both light and mat-
ter. Cavity EPs have a mass thanks to their exci-
tonic part that enables us to consider them as an
interacting Bose gas18 leading to Bose-Einstein con-
densation.19 The latter results in macroscopic coher-
ence of the condensate and superfluidity.20 In addi-
tion, polariton condensation enables us to realize low
threshold polariton lasing without population inver-
sion achieved with conventional nanosecond excita-
tion.9 Recently topological insulators in EP systems
organized as a lattice of coupled semiconductor mi-
crocavities in magnetic field were suggested21,22 and
implemented.23
Furthermore, electron-vibrational interactions in
molecular systems have a pronounced effect on EPs
resulting among other things in decay and their in-
stability. One way of taking the decay into ac-
count is the introduction of complex frequencies with
the imaginary part describing phenomenologically
constant damping rates (Markovian relaxation).24,25
In general, taking the effect of strong electron-
1
vibrational interactions on the EPs into account is
a non-trivial problem. The point is that in this
case both the interaction with radiation field and
electron-vibrational interaction should be considered
as strong.26 La Rocca et al.25,27 studied polariton
dispersion in organic-based microcavities taking a
single high-frequency (HF) optically active (OA) in-
tramolecular vibration into account introducing also
complex exciton replicas frequencies (see above).
However, in real situations the relaxation of molec-
ular and excitonic systems is non-Markovian and can-
not be described using constant decay rates resulting
in the Lorentzian shape of spectra. Using such a de-
scription, one may simulate a separate spectrum of
an exciton6 or even polaritonic luminescence3 using
fitting parameters, but cannot describe the transfor-
mation of spectra when for example monomers form
an aggregate etc.28 (see also29). The matter is that
if the monomer spectrum has Lorentzian shape, the
aggregate spectrum is simply shifted monomer spec-
trum.28 At the same time, other shapes that non-
Markovian theory leads to are able to describe the
transformation of spectra including strong narrowing
the J-aggregate absorption spectrum with respect to
that of a monomer.28
It is worth noting that actual dissipative proper-
ties of the vibrational system are very important for
EPs, in particular, for EP fluorescence propagating in
organic nanofibers.3 The point is that a ”blue” part
of the fluorescence spectrum overlaps with the wing
of the imaginary part of the wave number defining
absorption and, therefore, is partly absorbed.3,28
In Ref.28 we developed a mean-field electron-
vibrational theory of Frenkel EPs in organic dye
structures and applied it to the aggregate absorption
and the experiment on long-range polariton propa-
gation in organic dye nanofibers at room tempera-
ture.3,4 The theory is non-Markovian and is able to
describe the transformation of absorption spectra on
molecular aggregation. In the present work we gen-
eralize the theory developed in Ref.28 to the systems
with spatial symmetry (like organic molecular crys-
tals), to the exciton luminescence and the exciton-
polaritons with spatial dispersion. The matter is
that ordered structures include among other things
also organic dye nanofibers1,3 that are synthesized
by self-assembly of thiacyanine (TC) dye molecules
in solution. We obtain the correspondence be-
tween manifestation of electron-vibrational interac-
tion in monomers, molecular aggregates and exciton-
polaritons in nanofibers. With the same description
of material parameters we calculate both the absorp-
tion and luminescence of molecular aggregates and
the exciton-polariton dispersion in nanofibers. We
apply the theory to experiment on fraction of a mil-
limeter propagation of Frenkel exciton polaritons in
photoexcited organic nanofibers made of TC dye.3,4
The paper is organized as follows. We start with
the derivation of the mean-field equations in ordered
structures taking electron-vibrational and dipole-
dipole intermolecular interactions in condensed mat-
ter into account. Then we solve these equation in the
momentum representation, Section 2.1. In Section
3 we calculate polarization, susceptibility and dielec-
tric function in the k space. In Section 4 we calcu-
late the relaxed luminescence of aggregates for weak
excitation. The exciton luminescence and absorp-
tion spectra in our mean-field theory obey Stepanov’s
law.11,30 Our theory describes both narrowing the J-
aggregate absorption and luminescence spectra, and
diminishing the Stokes shift between them with re-
spect to that of a monomer. In Section 5 we apply
the theory to experiment on fraction of a millimeter
propagation of EPs in photoexcited fiber-shaped H-
aggregates of TC dye at room temperature3 bearing
in mind the correspondence between manifestation of
electron-vibrational interaction in monomers, molec-
ular aggregates and EP dispersion in nanofibers, and
in Section 6, we briefly conclude.
2 Derivation of Equations for
Expectation Value of Exci-
tonic Operator in Ordered
Structures
In this section we shall consider an ensemble of
molecules with two electronic states n = 1 (ground)
and 2 (excited) in a condensed matter described by
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the exciton Hamiltonian
Hexc = H0 +Hint (1)
Here the molecular Hamiltonian, H0, is given by
H0 =
2∑
j=1
[Ej +Wj(Q)]
∑
m
|mj〉〈mj| (2)
where E2 > E1, Ej is the energy of state j,Wj(Q)
is the adiabatic Hamiltonian of the vibrational sub-
system of a molecule interacting with the two-
level electron system under consideration in state j.
The dipole-dipole intermolecular interactions in the
condensed matter are described by the interaction
Hamiltonian31,32
Hint = ~
∑
m
∑
n6=m
Jmnb
†
mbn (3)
where Jmn is the resonant exciton coupling, bm =
|m1〉 〈m2| is the operator that describes the anni-
hilation of an excitation in molecule m at level 2,
and b†m = |m2〉 〈m1| is the operator that describes
the creation of an excitation of molecule m to level
2. We adopt here the Coulomb cauge for the elec-
tromagnetic field, according to which the Coulomb
interaction between molecules is conditioned by the
virtual scalar and longitudinal photons.11,31 In ad-
dition, the interaction conditioned by the transverse
photons exists, quantum electromagnetic field Eˆ(t),
Eˆ(r, t) =
1
2
{
∑
q
eqEq exp[i(q · r− ωqt)] + h.c.},
(4)
Then the system Hamiltonian takes the form
H = Hexc + ~
∑
q
ωqa
†
qaq − Dˆ · Eˆ (5)
Here eqEq exp(iq · r) = i2
√
2pi~ωqaquq(r) is the
field amplitude, aq is the annihilation operator for
mode q, eq is the unit photon polarization vector, V
is the photon quantization volume, uq(r) describes
a space dependence of the field amplitude where
uq(r) = eq exp(iq · r)V −1/2 for plane waves, and Dˆ
is the dipole moment operator of a molecule. The
latter can be written as Dˆ = D
∑
m
(bm + b
†
m) with D
the electronic transition dipole moment. It is worth
noting that if one wants to introduce photons in a
cavity, he uses the cavity eigenmodes for the expan-
sion instead of plane waves.
Among other things the interaction, the term ”−Dˆ·
Eˆ” is responsible for the creation of EPs. In an ex-
periment related to a linear absorption by excitons
one can consider the electromagnetic field classically.
In that case one can use the same formula (4) consid-
ering E(r, t) and Eq as classical function. In this work
we also consider a luminescence experiment where the
electromagnetic field may be decomposed into two
modes: classical (incoming field), and quantum (the
scattered field mode generated by spontaneous emis-
sion), Eq.(4). In any case, the field frequency, ωq, is
close to that of the transition 1→ 2.
Consider structures that are symmetric in space
like organic molecular crystals. Such structures in-
clude also organic dye nanofibers1,3 that are synthe-
sized by self-assembly of TC dye molecules in solu-
tion.
We define the exciton annihilation bk and creation
b†k operators in the momentum representation
11,31
bk =
1√N
∑
m
bm exp(−ik · rm) (6)
b†
k
=
1√N
∑
m
b†m exp(ik · rm) (7)
and the lattice Fourier transform of intermolecular
interaction10,11,17
J(k) =
∑
n6=m
Jmn exp[ik · (rn−rm)]) (8)
where N is the number of interacting molecules.
Then
bn =
1√N
∑
k
bk exp(ik · rn) (9)
It should be noted that J(0) =
∑
n6=m Jmn = −p
where p is the parameter of intermolecular interaction
used in Ref.28
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In the absense of vibrations, the unitary transfor-
mation, Eqs. (6), (7), (8) and (9), enables us to di-
agonalize the electronic part of the excitonic Hamil-
tonian, Hexc, considering bk as Bose operators
bk′b
†
k − b†kbk′ = δkk′ (10)
that is correct for weak excitation. In that case using
the Heisenberg equations of motion, one obtains that
Hˆint gives the following contribution to the change of
the excitonic operator bk in time
d
dt
bk ∼ i
~
[Hˆint, bk] = −iJ(k)bk (11)
Now let us take the vibrational subsystem of
molecules into account. Since an absorption spec-
trum of a large molecule in condensed matter con-
sists of overlapping vibronic transitions, we shall sin-
gle out the contribution from the low frequency (LF)
OA vibrations {ωs} to Wj(Q): Wj(Q) =WjM +Wjs
where Wjs is the Hamiltonian governing the nuclear
degrees of freedom of the LFOAmolecular vibrations,
and WjM is the Hamiltonian representing the nu-
clear degrees of freedom of the HFOA vibrations of a
molecule.
The influence of the vibrational subsystems of
molecule m on the electronic transition within the
range of definite vibronic transition related to HFOA
vibration (≈ 1000 − 1500cm−1) can be described as
a modulation of this transition by LFOA vibrations
{ωs}.33 We suppose that ~ωs ≪ kBT . Thus {ωs}
is an almost classical system. In accordance with
the Franck-Condon principle, an optical electronic
transition takes place at a fixed nuclear configura-
tion. Therefore, the quantity u1s(Q) = W2s(Q) −
W1s(Q)−〈W2s(Q)−W1s(Q)〉1 representing electron-
vibration coupling is the disturbance of nuclear mo-
tion under electronic transition where 〈〉j stands for
the trace operation over the reservoir variables in
the electronic state j. Electronic transition relax-
ation stimulated by LFOA vibrations is described by
the correlation function Km(t) = 〈αm(0)αm(t)〉 of
the corresponding vibrational disturbance with char-
acteristic attenuation time τ s
32,34,35 where αm ≡
−u1s/~. In other words, LFOA vibrations lead to
a stochastic modulation of the frequency of elec-
tronic transition 1 → 2 of molecule m according to
ω˜21(t) = ω21 − αm(t) where ω21 = [(E2 − E1) +
〈W2s(Q) −W1s(Q)〉1]/~ is the frequency of Franck-
Condon transition 1→ 2, and αm(t) is assumed to be
Gaussian-Markovian process with 〈αm(t)〉 = 0 and
exponential correlation function Km(t) = K(t) =
K(0) exp(−|t|/τs). For brevity, we consider first a
single vibronic transition related to a HFOA vibra-
tion. Generalization to the case of a number of vi-
bronic transitions with respect to a HFOA vibration
will be made later.
Consider the expectation value of excitonic opera-
tor bm
〈bm(α)〉 ≡ Tr[bmρm(α, t)] (12)
where ρm,ij(α, t) is the partial density matrix of
molecule m.28,36,37 Diagonal elements of the density
matrix ρm,jj(α, t) describe the molecule distribution
in states 1 and 2 with a given value of α at time
t. The complete density matrix averaged over the
stochastic process which modulates the molecule en-
ergy levels, is obtained by integration of ρm,ij (α, t)
over α, 〈ρm〉ij (t) =
∫
ρm,ij (α, t) dα, where quanti-
ties 〈ρm〉jj (t) are the normalized populations of the
corresponding electronic states: 〈ρm〉jj (t) ≡ nm,j ,
nm,1 + nm,2 = 1. Combining Eqs.(6) and (12), one
can introduce the expectation value of bk
〈bk(α)〉 = 1√N
∑
m
〈bm(α)〉 exp(−ik · rm) (13)
where 〈bm(α)〉 = ρm,21 (α, t),28,38 and averaging in
the density matrix is carry out with respect to the
vibrational subsystem of the m-th molecule.
Let us write the equation for the expectation value
of bk corresponding to operator equation (11). If one
considers only intramolecular vibrations, Hˆint gives
the following contribution to the change of the expec-
tation value of excitonic operator bm in time in the
site-representation28
∂
∂t
〈bm(α)〉 ∼ i
~
〈[Hˆint, bm]〉 ≡ i
~
Tr([Hˆint, bm]ρ) =
−i
∑
n6=m
Jmn〈nˆm1(α)− nˆm2(α)〉〈bn〉
(14)
where nˆm1 = bmb
†
m, nˆm2 = b
†
mbm is the exciton
population operator, 〈nm1(α)〉 = ρm,11 (α, t), and
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〈nm2(α)〉 = ρm,22 (α, t) may be neglected for weak ex-
citation. Here 〈bn〉 =
∫ 〈bn(α)〉dα = ∫ ρn,21 (α, t) dα
is the complete density matrix averaged over the
stochastic process.
We emphasize that factorization adopted in
Eq.(14) corresponded to neglect of all correlations
among different molecules.28 At the same time the
factorization corresponds to a random phase approx-
imation39 that enables us to split the term 〈(nˆm1 −
nˆm2)bn〉 into the product of populations and polar-
ization (〈bn〉). It is in this sence that the factorization
can be understood in the momentum representation.
Furthermore, neglecting b†kbk′ in Eq.(10) for weak
excitation, one can write bk′b
†
k ≃ δkk′ or
bk′b
†
k − b†kbk′ ≃ nˆ1kδkk′ (15)
where nˆ1k ≃ 1. Using Eq.(14) and Eqs.(6), (7), (8),
(9), (13) and (15), we get
∂
∂t
〈bk(α)〉 ∼ −iJ(k)〈bk〉ρ(0)11 (α) (16)
where 〈bk〉 =
∫ 〈bk(α)〉dα and ρ(0)11 (α) is the equilib-
rium value of ρ11 (α).
Eq.(16) describes the contribution of Hˆint to the
change of the expectation value 〈bk(α)〉 in time in the
momentum representation. In addition, the change
of 〈bk(α)〉 is determined by the vibrational relax-
ation. If one considers an absorption experiment
and the corresponding polariton problem, the rele-
vant vibrational relaxation occurs in the ground elec-
tronic state. In that case the density matrix of a
monomer molecule ρm,21 (α, t) = 〈bm(α)〉 obeys the
equation28,36,37,40–42
[
∂
∂t
+ i (ω21 − α)− L11]ρm,21 (α, t)
=
i
2~
D21 · eqEq exp[i(q · rm − ωqt)]ρ(0)m,11 (α)
(17)
where operator
L11 = τ
−1
s [1 + α
∂
∂α
+K(0)
∂2
∂α2
] (18)
describes the diffusion with respect to coordinate α
in the effective parabolic potential U1(α).
Bearing in mind that 〈bm(α)〉 = ρm,21 (α, t), we
multiply both sides of Eq.(17) by exp(−ik · rm) and
sum with respect to m. As a result we get
[
∂
∂t
+ i (ω21 − α)− L11]〈bk(α)〉
=
i
2~
√
ND21 · ekEk exp(−iωkt)ρ(0)11 (α) (19)
where we used formula
∑
m exp[i(q− k) · rm] =
N δqk.11,31
Combining Eqs.(16) and (19), we finally get
[
∂
∂t
+ i (ω21 − α)− L11]〈bk(α)〉
= i[
√N
2~
D21 · ekEk exp(−iωkt)− J(k)〈bk〉]ρ(0)11 (α)
(20)
2.1 Solution of Eq.(20)
Consider first the slow modulation limit when
K(0)τ2s >> 1. In that case the term L11 on the left-
hand side of Eq.(20) can be discarded,28,37,41 and we
get
∂
∂t
〈b˜k(α)〉 = −i (ω21 − ωk − α) 〈b˜k(α)〉+ i[
√N
2~
×
×D21 · eEk − J(k)〈b˜k〉]ρ(0)11 (α) (21)
where 〈b˜k(α)〉 = 〈bk(α)〉 exp (iωkt). In the steady-
state regime, Eq.(21) leads to
〈b˜k〉 =
ipiWa(ωk)
√N
2~ D21 · eEk
1 + ipiWa(ωk)J(k)
(22)
where
Wa(ωk) = i
∫ ∞
−∞
dαρ
(0)
11 ζ(ωk − ω21 + α)/pi, (23)
is the monomer spectrum, ζ(ωk − ω21 + α) =
P
ωk−ω21+α − ipiδ(ωk − ω21 + α), P is the
symbol of the principal value. The imagi-
nary part of ”−iWa(ωk)” with sign minus,
−Im[−iWa(ωk)] =ReWa(ωk) ≡ Fa(ωk), describes
the absorption lineshape of a monomer molecule, and
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the real part, Re[−iWa(ωk)] =ImWa(ωk), describes
the corresponding refraction spectrum. For the
”slow modulation” limit, quantities Wa(ωk) and
Fa(ωk) are given by
Wa(ωk) =
√
1
2piK(0)
w(
ωk − ω21√
2K(0)
) (24)
where w(z) = exp(−z2)[1+ierfi(z)] is the probability
integral of a complex argument,43 and
Fa(ωk) =
√
1
2piK(0)
exp[− (ω21 − ωk)
2
2K(0)
] (25)
It might be well to point out that the magnitude
Wa(ωk) is proportional to the molecular polarizabil-
ity, and the expression in the square brackets on the
right-hand side of Eq.(21) may be considered as the
interaction with the local field in the k-space divided
by ~. Therefore, Eq.(22) can be used also beyond the
slow modulation limit when Wa(ωk) is given by
40,44
(see Section 1 of the Supporting Information)
Wa(ωk) =
τ s
pi
Φ(1, 1 + xa;K(0)τ
2
s)
xa
(26)
where xa = K(0)τ
2
s + iτ s(ω21 − ωk), Φ(1, 1 +
xa;K(0)τ
2
s) is a confluent hypergeometric function.
43
In that case one cannot neglect the term L11 describ-
ing relaxation in the ground electronic state (see Sec-
tion 1 of the Supporting Information). In this rela-
tion one should note the following. The ”slow modu-
lation” limit, Eqs. (24) and (25), is correct only near
the absorption maximum. The wings decline much
slower as (ω21 − ωk)−4.40 At the same time, the ex-
pression for 〈b˜k〉, Eq.(22), has a pole, giving strong in-
creasing 〈b˜k〉, when 1/[J(k)pi] =ImWa(ωk). If param-
eter of the dipole-dipole intermolecular interaction
|J(k)| is rather large, the pole may be at a large dis-
tance from the absorption band maximum where the
”slow modulation” limit breaks down. This means
one should use exact expression for the monomer
spectrum Wa that is not limited by the ”slow mod-
ulation” approximation, and properly describes both
the central spectrum region and its wings.28 Eq.(26)
is the exact expression for the Gaussian-Markovian
modulation with the exponential correlation function
K(t) = K(0) exp(−|t|/τs).
Moreover, we can take also HFOA intramolecular
vibrations into account, in addition to the LFOA vi-
brations {ωs} discussed thus far. In that caseWa(ωk)
is given by28 (see Section 2 of the Supporting Infor-
mation)
Wa(ωk) =
τs
pi
exp(−S0 coth θ0)
∞∑
l=−∞
Il(
S0
sinh θ0
)
× exp(lθ0)Φ(1, 1 + xal;K(0)τ
2
s)
xal
(27)
where xal = K(0)τ
2
s + iτs(ω21 − ωk + lω0). We con-
sider one normal HF intramolecular oscillator of fre-
quency ω0 whose equilibrium position is shifted under
electronic transition, and S0 is the dimensionless pa-
rameter of the shift, θ0 = ~ω0/(2kBT ), Il(x) is the
modified Bessel function of first kind.43
Eq.(27) is the extension of Eq.(26) to the presence
of the HFOA intramolecular vibrations. For θ0 >> 1
we obtain
Wa(ωk) =
τ s
pi
exp(−S0)
∞∑
l=0
Sl0
l!
Φ(1, 1 + xal;K(0)τ
2
s)
xal
(28)
3 Polarization, Susceptibility
and Dielectric Function in k-
Space
The positive frequency component of the polarization
per unit volume at point r can be written as
P+(r,t) = ND12〈bm〉 = P(k,ωk) exp[i(k · r− ωkt)]
(29)
where
P(k,ωk) = ND12
1√N 〈b˜k〉 =
ND12
2~
ipiWa(ωk)D21 · ekEk
1 + ipiWa(ωk)J(k)
(30)
N is the density of molecules, and we used Eqs.(9)
and (22).
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Knowing P(k,ωk), one can calculate the suscepti-
bility
χ(k,ωk) =
ND12D21
~
ipiWa(ωk)
1 + ipiWa(ωk)J(k)
(31)
and the dielectric function ε(k,ωk) = ε0[1 +
4piχ(k,ωk)]
39
ε(k,ωk) = ε0[1 + 4pi
ND12D21
~
ipiWa(ωk)
1 + ipiWa(ωk)J(k)
]
(32)
where ε0 = n
2
0, n0 is the background refractive in-
dex of the medium, and the vector product in the
numerator of Eqs.(31) and (32) is a dyadic product.
If we assume for simplicity that the excitons have
an isotropic effective mass, then
J(k) = J(0) +
~k2
2m∗
(33)
where the exciton effective mass, m∗, may be both
positive and negative. One can see that the sus-
ceptibility, Eq.(31), has a pole when the imaginary
part of the monomer spectrum, ImWa(ωk), is equal
to 1/[J(k)pi], i.e. at the frequency of the exciton with
the same wave vector as the exciting field. In other
words, we deal with spatial dispersion. It is worth
noting that the structure of the dispersion curves
J(k) occurs on the scale of |k| ∼ (0.1 − 1 nm)−1,
which is much larger than the scale of an optical
wave vector. For this reason in practice one may
often neglect the spatial dispersion and simply cal-
culate the exciton resonances for J(0), as we did in
Ref.28 and where we obtained a good agreement be-
tween theoretical and experimental absorption spec-
tra of H-aggregates. In contrast, spatial dispersion
may be of importance for J-aggregates due to small
bandwidth of their spectra, and also in microcavities
where the exciton effective mass may be much smaller
than electron mass,11 and then the second term on
the right-hand side of Eq.(33) strongly increases.Fig.1
shows the absorption spectra of a J-aggregate that
are proportional to the imaginary part of the sus-
ceptibility Re Wa(ωk)1+ipiWa(ωk)J(k) , Eq.(33), calculated for
J(k) = J(0)28 (solid line), and for J(k) = J(0)+ ~k
2
2m∗
Figure 1: Absorption spectra (in terms of τ s/pi)
of a J-aggregate calculated for J(k) = J(0) (solid
line), and J(k) = J(0) + ~k
2
2m∗ (dashed line) in the
case of slow modulation (
√
K(0)τs = 10.9 >> 1)
and −J(0)τs = 42. Dimensionless parameter is
δ = τ s(ωk−ω21). Other parameters arem∗ = 0.1mel,
mel is the electron mass, |k| = n2pi/λ, n = 3.16 is the
refraction index, λ = 0.5 µ.
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(dashed line). The monomer spectrum Wa(ωk) is
calculated using Eq.(26). One can see that due to
small bandwidth of the J-aggregate absorption with
respect to that of the monomer (see Fig.1 of Ref.28),
the spatial dispersion can lead to marked broad-
ening the J-aggregate spectrum. In contrast, the
role of the spatial dispersion may be overestimated
in works not considering the vibrational contribu-
tion.3,45
4 Luminescence
In this section we shall use our mean-field theory for
the calculation of the relaxed luminescence of aggre-
gates for weak excitation. To describe this process,
we shall consider a quantum electromagnetic field of
the spontaneous emission
Es(r, t) =
1
2
esEs exp(ksr−iωst)+1
2
e∗sE†s exp(ksr−iωst)
(34)
in addition to the incident classical field of fre-
quency ω. Eq.(34) is Eq.(4) for q = ks. This pro-
cess is depicted by the double-sided Feynman di-
agrams32,41,46where due to condensed matter the
light-matter interaction described by the Rabi fre-
quency, ΩR = (D · ek)Ek/~, should be replaced by
the effective Rabi frequency, Ωeff (t) = ΩR/[1 +
ipiWa(ωk)J(0)]
28 (see also Section 3).
In the site representation the photon emission rate
of mode k obeys the equation
∂
∂t
〈a†kak〉 =
i
~
〈[−(Dˆ · Eˆ)eff , a†kak]〉 = 2
√
2pi~ωk
~
D
×
∑
m
Re
〈a†kb˜m〉u∗k(r)
1− ipiW ∗a (ωk)J(0)
(35)
where in general the trace in this expression is
over the vibrational as well as the field degrees of
freedom, and we used relation eqEq exp(iq · r) =
i2
√
2pi~ωqaquq(r) between the amplitude of electric
field, Eq, and the annihilation operator for mode q,
aq. Here b˜m = bm exp (iωkt) and 〈bm〉 = ρm,21 that
should be calculated in the third order with respect
to the light-matter interaction (see Fig. 2).
Figure 2: Double sided Feynman diagrams for relaxed
luminescence.
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Diagrams (1) and (2) of Fig.2 give contributions
into 〈ρ(3)21 〉. Adopting for a while the picture of fast
vibrational relaxation when the equilibrium distribu-
tion into the excited electronic state has had time to
be set during the lifetime of this state, one gets for
the contribution described by the lower parts of these
diagrams
ρ22 (α) =
n
(2)
2
(2piK(0))
1/2
exp[− (α− ωst)
2
2K(0)
] (36)
where n
(2)
2 << 1 is the population of excited elec-
tronic state 2 calculated in the second order with re-
spect to electromagnetic field and ωst = ~K(0)/kBT
is the Stokes shift of the equilibrium absorption and
luminescence spectra.
Consider equation for nondiagonal density matrix
in the site representation related to the upper parts
of diagrams (1) and (2) of Fig.2
[
∂
∂t
+ i (ω21 − α)− L22]ρ21 (α, t)
=
i
2~
D21 · eEq exp[i(q · r− ωqt)]ρ22 (α)
−iJ(0)ρ(0)11 (α)
∫
ρ21 (α, t) dα (37)
where operator
L22 = τ
−1
s
[
1 +
(α− ωst) ∂
∂ (α− ωst) +
σ2s∂
2
∂ (α− ωst)2
]
describes the diffusion with respect to coordinate α in
the excited electronic state. The latter and the pres-
ence of ρ22 (α) in the first term on the right-hand-side
of Eq.(37) are distinctions of Eq.(37) from the cor-
responding equation related to absorption, Eq.(17).
In contrast, the last term on the right-hand-side of
Eq.(37) is the same as in the case of absorption (the
presence of ρ
(0)
11 (α)). The fact is that this term de-
scribes the local field effects due to polarization of
other molecules that are found in the main in the
ground electronic state.
Eq.(37) can be solved similar to the equation for
absorption (see Section 1 of the Supporting Infor-
mation). The homogeneous equation obtained from
Eq.(37) can be reduced to Eq.(1) of the Supporting
Information using notation α2 = α−ωst with the only
difference that ω21 should be replaced by ω21 − ωst.
Then we obtain for the line shape of a monomer flu-
orescence
Wf (ωk) =
1
pi
∫ ∞
0
exp[i(ωk − ω21 + ωst)t+ gs(t)]dt
(38)
instead of Eq.(5) of the Supporting Information, and
Wf (ωk) =
τs
pi
Φ(1, 1 + xf ;K(0)τ
2
s)
xf
(39)
instead of Eq.(26) where xf = K(0)τ
2
s + iτs(ω21 −
ωst − ωk).
When one include also HFOA intramolecular vi-
brations (see Section 2 of the Supporting Informa-
tion), the formula becomes
Wf (ωk) =
τ s
pi
exp(−S0 coth θ0)
∞∑
l=−∞
Il(
S0
sinh θ0
)
× exp(lθ0)Φ(1, 1 + xfl;K(0)τ
2
s)
xfl
(40)
where xfl = K(0)τ
2
s + iτs(ω21−ωst−ωk− lω0). For
θ0 >> 1 we obtain
Wf (ωk) =
τ s
pi
exp(−S0)
∞∑
l=0
Sl0
l!
Φ(1, 1 + xfl;K(0)τ
2
s)
xfl
(41)
Then we get for 〈b˜m〉 = 〈ρ˜(3)21 〉 = 〈ρ(3)21 〉 exp (iωkt)
〈b˜m〉 = − 1
~
√
2pi~ωkakD21·uk(r)n(2)2
piWf (ωk)
1 + ipiJ(0)Wa(ωk)
(42)
Substituting Eq.(42) into Eq.(35), we obtain
∂
∂t
〈a†kak〉 = −
4pi2
~2V
~ωk(D12·ek)
∑
m
n
(2)
2 Re
〈a†
k
ak〉(D21 · ek)Wf (ωk)
|1 + ipiWa(ωk)J(0)|2
(43)
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where the fluorescence line shape of an exciton is
given by
Fexc,f (ωk) = Re
Wf (ωk)
|1 + ipiWa(ωk)J(0)|2 (44)
and
n
(2)
2 = 〈b†mbm〉(2) (45)
In deriving Eq.(43) we neglected the correlation be-
tween fluorescence photons and the medium polar-
ization. Therefore, Eq.(43) describes the exciton lu-
minescence. The polariton luminescence can be ob-
tained in terms of the expectation values of 〈a†kak′〉,
〈a†kb˜m〉, 〈b˜†mb˜n〉 etc.47 satisfying coupled equations of
motion and will be considered elsewhere.
It should be noted that the exciton luminescence,
Eq.(44), and absorption
Fexc,a(ωk) = Re
Wa(ωk)
1 + ipiWa(ωk)J(0)
= Re
Wa(ωk)
|1 + ipiWa(ωk)J(0)|2 (46)
spectra obey Stepanov’s law11,30 if the correspond-
ing monomer spectra obey this relation. Indeed,
if ReWf (ωk) = ReWa(ωk) exp[−~(ωk − ωel)/kBT ]
where ωel = (E2−E1)/~ is the frequency of a purely
electronic transition, then
Fexc,f (ωk) = Fexc,a(ωk) exp[−~(ωk − ωel)/kBT ]
(47)
Fig.3 shows absorption and fluorescence spectra
of a J-aggregate calculated using Eqs. (46) and
(44), respectively. The monomer spectraWa(ωk) and
Wf (ωk) were calculated using Eqs. (26) and (39),
respectively. One can see that the position of the lu-
minescence spectrum is determined in the main by
the pole of the denominator on the right-hand-side
of Eq.(44) that is about the same as for aborption.
That is why the positions of the J-aggregate lumi-
nescence and absorption spectra concide, according
to experiment, in spite of the Stokes shift of the cor-
responding monomer spectra (see Fig.3). We empha-
size that both narrowing the J-aggregate spectra and
Figure 3: Absorption (solid) and relaxed lumines-
cence (dash) spectra of a J-aggregate for
√
K(0)τ s =
3.16, τ s = 10
−13 s and −J(0)τs = 5. The monomer
absorption (dots) and luminescence (dash-dot) are
shown for comparison.
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diminishing their Stokes shift with respect to those
of a monomer covered by our non-Markovian theory
cannot be described by the model of a single HFOA
vibration.25,27 We shall apply the theory of this sec-
tion to H-aggregates below.
4.1 Exciton luminescence in k-space
Consider an exciton luminescence in the k-space. Us-
ing Eq.(45), and bearing in mind that
∑
m
b†mbm =∑
k′ b
†
k′bk′ and that the translational symmetry of a
perfect bulk crystal implies that excitons of wave vec-
tor k can only couple to electromagnetic waves of the
same wave vector, we get from Eq.(43)
∂
∂t
〈a†kak〉 = −
4pi2
~2V
~ωk(D12 · ek)〈b†kbk〉(2)
×Re〈a
†
kak〉(D21 · ek)Wf (ωk)
|1 + ipiWa(ωk)J(k)|2 (48)
Let us suppose a thermal equilibrium in the k-space
〈b†kbk〉(2) ∼
exp[−J(k)/kBT ]∑
k exp[−J(k)/kBT ]
(49)
and assume for simplicity that the excitons have an
isotropic effective mass, Eq.(33). For positive effec-
tive mass J(k) may be replaced by J(0) like be-
fore, and we arrive to the result obtained in the
site-representation. In contrast, for negative effec-
tive mass, J(k) ≈ J(klum) where klum corresponds
to the minimum of J(k). In that case one can expect
an additional red shift of the luminescence spectrum
with respect to the vibrational Stokes shift ωst.
5 Application to Exciton-
Polariton Experiment in
Nanofiber
In this section we apply the theory developed above
to the experiment on fraction of a millimeter prop-
agation of EPs in photoexcited fiber-shaped H-
aggregates of TC dye at room temperature3 bearing
in mind the correspondence between manifestation of
Figure 4: Experimental absorption lineshape of TC
monomer solution prepared by dissolving TC dye in
methanol1 (circles), and its fitting by ReWa, Eq.(28),
(solid line).
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electron-vibrational interaction in monomers, molec-
ular aggregates and EP dispersion in nanofibers.
Fig. 4 shows the experimental absorption lineshape
of TC monomer solution prepared by dissolving TC
dye in methanol,1 and its fitting by ReWa, Eq.(28)
for ω21 = 23700 cm
−1, 1/τs = 75 cm−1, ω0τ s = 20,
S0 = 0.454, K(0)τ
2
s = 80.
Using the last parameters we calculated the aggre-
gate absorption and photoluminescence spectra ac-
cording to formulas (46) and (44), respectively, shown
in Fig.5. Good agreement between theoretical and
experimental spectra is observed with the value of
parameter J(0)τs = 7 obtained by comparison be-
tween experimental and theoretical curves. Dimen-
sionless parameter of the Stokes shift is equal to
ωstτ s = ~K(0)τ
2
s/(kBTτs) = 28.6 for room tem-
perature (kBT/~ = 210 cm
−1). We did not make
additional fitting since experimental spectra of TC
aggregates and monomers were measured in different
solvents1 (see caption to Fig.5).
It might be well to point out that both absorption
and luminescence H-aggregate spectra were obtained
using only one additional parameter J(0)τ s = 7
with respect to those found by fitting the absorption
monomer spectrum. This speaks in favor of the pro-
posed physical model of forming the aggregate spec-
tra.
The description of the aggregate spectra obtained
above enables us to get the dielectric function,
Eq.(32), and find the transverse eigenmodes of the
medium from the dispersion equation
c2k2(ωk) = ω
2
kε(k,ωk) (50)
Bearing in mind discussion just after Eq.(32), we take
the exciton resonances at J(0) (so called k =0 selec-
tion rule10), so that we shall use ε(0,ω) ≡ ε(ω) in
our simulations of EP dispesion. Inclusion of spa-
tial dispersion in Ref.3 to account for line broaden-
ing arose from the use a simple Lorentz model that
does not take electron-vibrational effects into consid-
eration. Because the fiber in Ref.3 had a rectangular
cross section with width of 400-700 nm (∼ λ) and
height of 100-200 nm (<< λ), the energy of light
guided in the nanofiber was given by
~ω =
√
~2c2k2|| + E
2
C/n(ω) (51)
Figure 5: Experimental absorption and photolumi-
nescence spectra of TC aggregates and monomers1
(top), and theoretical description of aggregate ab-
sorption (in terms of τ s/pi) and photoluminescence
(arbitrary units) (bottom). In the top solid curve rep-
resents spectra of the aqueous solution containing TC
aggregates; dashed curve, spectra of a monomer solu-
tion prepared by dissolving TC dye in methanol. In
the bottom solid curves represent the aggregate spec-
tra; dashed curves - spectra of a monomer. Dimen-
sionless parameter δ = τ s(ω − ω21) increases when
the wavelength decreases.
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where k|| is the wave vector parallel to the fiber and
EC = ~cpi/d = 1 eV for d = 600 nm is the cutoff
energy. Combining Eqs.(50) and (51), we get
c2k2|| = ω
2ε(ω)− E
2
C
~2
(52)
Let us analyze Eq.(52) where the dielectric func-
tion ε(0,ω) ≡ ε(ω) is determined by Eq.(32) for
J(k) = J(0). In Ref.28 we considered rather the
transverse eigenmodes of the medium, Eq.(50), than
the nanofiber modes with wave vector k||. The
parameters of the aggregate spectrum were found
above. In order to satisfy Eq.(52), the wave num-
ber k|| should be complex k|| = k′||+ ik
′′
||. Then using
Eq.(52), we get for the real and imaginary part of k||
k′||
c
n0
= ωRe
√
[1− (EC/~)
2
ω2ε0
] + iqpi
Wa(ω)
1 + ipiWa(ω)J(0)
(53)
and
k′′||
c
n0
= ω Im
√
[1 − (EC/~)
2
ω2ε0
] + iqpi
Wa(ω)
1 + ipiWa(ω)J(0)
,
(54)
respectively, where q = 4piND12D21
~
. Fig.6 shows the
Frenkel EP dispersion calculated using Eqs.(53) and
(54).The polariton dispersion shows the leaky part in
the splitting range between lower and upper polariton
branches. The fluorescence spectrum of a nanofiber
was in the range of ∼ 2.5 eV3 where in the main
Imk|| ≈ 0. In addition, the fluorescence spectrum
was out of the splitting range under discussion and
corresponded to the lower polariton branch due to
excitation at λ = 405 nm below the upper polariton
branch. However, if the excitation was at upper po-
lariton branch, photoluminescence from it would be
unlikely due to the presence of absorption (Imk|| 6= 0)
in the range of upper polariton branch (see Fig.6). In
contrast, EP emission in materials with narrow ab-
soption lines (J-aggregates) show photoluminescence
from both upper and lower polariton branches.5,48
It is worth noting that this and other conclusions re-
lated to the EP dispersion are based on the correspon-
dence between manifestation of electron-vibrational
Figure 6: Frenkel EP dispersion for real (solid line)
and imaginary (dashed line) part of the wave number
k|| calculated with Eqs.(53) and (54), respectively,
when qτ s = 84.
28 Other parameters are identical to
those of the bottom of Fig.5.
interaction in monomers, molecular aggregates and
EP dispersion in nanofibers. This correspondence is
of particular importance when the bandwidth of the
imaginary part of the wave vector is of the same or-
der of magnitude as the splitting range between lower
and upper polariton branches (see Fig.6).
In this work we have restricted ourselves to the ex-
citon luminescence, Section 4, due to factorization of
the term 〈a†kb˜m〉 on the right-hand side of Eq.(35)
adopted in moving from Eq.(35) to Eq.(43). The
factorization enabled us to split the corresponding
term on the right-hand side of Eq.(43) into the prod-
uct of field intensity, 〈a†kak〉, and the material term
∼ n(2)2 Fexc,f (ωk) where Fexc,f (ωk) is the fluorescence
line shape of an exciton, Eq.(44). However, the ap-
proach developed in Section 4 can be extended to the
polariton luminescence that can be obtained in terms
of the expectation values of 〈a†kak′〉, 〈a†kb˜m〉, 〈b˜†mb˜n〉
etc.47 satisfying coupled equations of motion. In con-
trast to Ref.,47 our coupled equations of motion will
include non-Markovian relaxation making their solu-
tion more complex. This will be done elsewhere.
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6 Conclusion
In this work we have developed a model in order to
account for electron-vibrational effects on absorption
and luminescence of molecular aggregates, and EPs
in nanofibers. The model generalizes the mean-field
electron-vibrational theory developed by us earlier
to the systems with spatial symmetry, exciton lumi-
nescence and the EPs with spatial dispersion. The
exciton luminescence and absorption spectra in our
mean-field theory obey Stepanov’s law.11,30 Among
other things, our theory describes both narrowing
the J-aggregate absorption and luminescence spec-
tra, and diminishing the Stokes shift between them
with respect to that of a monomer. The correspon-
dence between manifestation of electron-vibrational
interaction in monomers, molecular aggregates and
EP dispersion in nanofibers is obtained by introduc-
ing the aggregate line-shape functions in terms of the
monomer line-shape functions. With the same de-
scription of material parameters we have calculated
both the absorption and luminescence of molecular
aggregates, and the EP dispersion in nanofibers. We
obtained good agreement between theoretical and ex-
perimental absorption and luminescence spectra of
both monomers and H-aggregates. We emphasize
that both absorption and luminescence H-aggregate
spectra were obtained using only one additional pa-
rameter with respect to those found by fitting the ab-
sorption monomer spectrum. This speaks in favor of
the proposed physical model of forming the aggregate
spectra. We have applied the theory to experiment on
fraction of a millimeter propagation of Frenkel EPs in
photoexcited fiber-shaped H-aggregates of TC dye at
room temperature3 bearing in mind the correspon-
dence between manifestation of electron-vibrational
interaction in monomers, molecular aggregates and
EP dispersion in nanofibers.
We have also discussed the extention of our ap-
proach to the description of polariton luminescence.
This will be done elsewhere.
The theory can be also applied to Frenkel EPs in
organic microcavities,27,49 to plexcitonics50 and the
problems related to optics of exciton-plasmon nano-
materials51,52 where the rovibrational structure of
diatomic molecules was recently included.53 In con-
trast, in our paper we consider a model for aggregates
of large organic molecules.
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Supporting Informa-
tion for Publication
Section 1. Contribution of Low Frequency
Optically Active Vibrations to Monomer
Spectrum
Let ρ′21 (α, t) obeys the homogeneous equation that
is obtained from inhomogeneous Eq.(17) of the main
text. Denoting ρ′21 (α, t) = ρ¯21 (α, t) exp(−iω21t), we
get for ρ¯21 (α, t)
∂
∂t
ρ¯21 (α, t) = {iα+τ−1s [1+α
∂
∂α
+K(0)
∂2
∂α2
]}ρ¯21 (α, t)
(55)
Introducing the Fourier-transform
Ψ(κ, t) =
1
2pi
∫ ∞
−∞
ρ¯21 (α, t) exp(−iκα)dα,
ρ¯21 (α, t) =
∫ ∞
−∞
Ψ(κ, t) exp(iκα)dκ
we get the following equation for Ψ(κ, t)
∂Ψ(κ, t)
∂t
+(τ−1s κ+1)
∂Ψ(κ, t)
∂κ
= −τ−1s K(0)κ2Ψ(κ, t)
(56)
The solution of Eq.(56) is40
Ψ(κ, t) = exp{−K(0)
2
[κ2 + 2κτs(1− exp(−t/τs))
+2τ2s(t/τs − 1 + exp(−t/τs))]} (57)
with
Ψ(0, t) = exp[gs(t)] =
1
2pi
∫ ∞
−∞
ρ¯21 (α, t) dα
playing the role of the characteristic function of ab-
sorption spectrum. Here
gs(t) = −K(0)τ2s[exp(−t/τs) +
t
τ s
− 1] (58)
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Indeed, the characteristic function of the absorp-
tion spectrum is determined by the free relaxation of
the non-diagonal density matrix,54 ρ′21 (α, t). Then
Wa(ω) =
1
pi
∫ ∞
0
exp[i(ω − ω21)t]Ψ(0, t)dt
=
1
pi
∫ ∞
0
exp[i(ω − ω21)t+ gs(t)]dt(59)
Integrating with respect to t, one gets Eq.(26) of the
main text.
Section 2. Including High-Frequency Opti-
cally Active Intramolecular Vibrations
Applying Eqs.(46) and (44) of the main text to
the description of the absorption and luminescence
spectra, respectively, of H-aggregates, one should
take into account also high-frequency (HF) optically
active (OA) intramolecular vibrations, in addition
to the low frequency OA vibrations {ωs}. In that
case the corresponding monomer spectra Wa andWf
should include the contribution from the HFOA in-
tramolecular vibrations.28 We consider one normal
HF intramolecular oscillator of frequency ω0 whose
equilibrium position is shifted under electronic transi-
tion. Its characteristic function fHF (t) is determined
by the following expression:41,55
fHF (t) = exp(−S0 coth θ0)
∞∑
k=−∞
Ik(S0/ sinh θ0)
× exp[k(θ0 + iω0t)] (60)
where S0 is the dimensionless parameter of the shift,
θ0 = ~ω0/(2kBT ), In(x) is the modified Bessel func-
tion of first kind.43 Then the monomer absorption
and luminescence can be written as
Wa(ω) = (1/pi)
∫ ∞
0
f∗HF (t) exp[i(ω − ω21)t+ gs(t)]dt
(61)
and
Wf (ω) = (1/pi)
∫ ∞
0
fHF (t) exp[i(ω−ω21+ωst)t+gs(t)]dt,
(62)
respectively, where gs(t) is given by Eq.(58). Inte-
grating the last equations with respect to t, one gets
Eqs.(27) and (40) of the main text.
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